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INTRODUCTION 
The oscillatory behavior of differential equations with retarded argument 
has been studied by several authors (e.g., [l]-[3]). In this paper we investigate 
the nonoscillation of 
y”(t) + P(~)Yiml = 0 (1) 
subject to the initial condition 
r(t) = w> for t < a and 1+5(u) = 0, (2) 
where p(t) is a nonnegative continuous function, g(t) ,< t, and both g(t) and 
d(t) are continuous. 
A function a)(t) which has a continuous first derivative in (a, CO) and satis- 
fies (l)-(2) is called a solution of (l)-(2). If $(t) has at least one zero in every 
interval (T, co), T > a, then a/(t) is called oscillatory; otherwise, t,!(t) is called 
nonoscillatory. Whenever every nontrivial solution of (l)-(2) is oscillatory 
(nonoscillatory) we say that (l)-(2) is oscillatory (nonoscillatory). If each 
nontrivial solution of (1) has at most one root in [a, co) counting multiplicities, 
(1) is said to be disconjugate on the interval [a, co). 
Nehari [4] established the connection between the eigenvalue problem 
u”(t) + Q(t) u(t) = 0, u(a) = u’(/3) = 0, 
and the oscillation of the unretarded equation 
p > a (3) 
w”(t) + p(t) w(t) = 0 
constrained by 
w(u) = 0. 
The minimal eigenvalue of (3) will be denoted h,,(ol, 8). 
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By imposing additional conditions on either C(t) or g(t) we extend the 
connection to (l)-(2). These conditions are determined by the need to com- 
pare y(t) with y[g(t)] for t > 01. 
In the following section we assume that (4a) is disconjugate on [a, 00). 
Superfunctions are used to obtain a bound for a solution y(t) of (l)-(2), in 
terms of the solution w(t) of (4) specified by ~‘(a+) = ~‘(a+). In the final 
section necessary conditions for the existence of a nonoscillatory solution of 
(l)-(2) are presented. The technique used was developed by Nehari [4]. 
The results illustrate how, for suitable choice of p(t) and g(t), (l)-(2) may 
have a nonoscillatory solution, although, the corresponding unretarded equa- 
tion (4a) is oscillatory. 
A BOUND ON SOLUTIONS OF THE RETARDED EQUATIONS 
In this section, (3a) is taken to be disconjugate. By imposing constraints 
on +(t) and g(t) we obtain bounds for solutions of (l)-(2). 
We first restrict the domain of dependence of solutions of (l)-(2) on the 
initial function +(t) to the single point t = a by requiring g(a) = a and 
g’(t) 3 0. 
THEOREM 1. Suppose that g(t) < t in some interval (a, b) and p(t*) # 0 
at some t* E (a, b). If g(a) = a, g’(t) > 0 and (3a) is disconjugate on [a, oo), 
then every nontrivial solution y(t) of (l)-(2) is strictly monotonic. Furthermore, ;f 
~‘(a+) = ~‘(a+) 3 O(< 0), then y(t) is bounded below (above) by w(t). 
Proof. If y’(a+) = 0 then y(t) = 0 on [a, 00) by the uniqueness of initial 
value problems [5, Theorem 2.11. We first demonstrate that y’(t) # 0 in 
(a, co) whenever y’(a+) > 0 and g(t) < t in some interval (a, b). 
Assume that y’(t) = 0 for some t E (a, co); let t = c be the first zero of 
y’(t). Since y(t) is concave downwards and increasing in [a, c], y[g(t)] < y(t) 
and 
r”(t) + PWYP) 3 0 on [a, c]. (5) 
By the hypotheses that p(t*) # 0 f or some t* E (a, b) and g(t) < t in (a, b), 
we can find a r E (a, c) for which p(r) # 0 and (5) is a strict inequality. 
Since w’(c) < 0, w(t) - ky(t) is a superfunction w.r.t. solutions of (3) 
for any k > 0, i.e., if w(t+) < ky(ti) for i = 1, 2, then w(t) < ky(t) for all 
t E [tl , t,] [cf. 6, Definition 3.1, Theorems 3.12 and 6.5, and concluding 
paragraph of Section 3, p. 3211. Ch oose k to satisfy &y(c) = w(c). By the 
disconjugacy of (3), it follows that w(t) = ky(t) [6, Theorem 2.61. This 
contradicts the conclusion that (5) is a strict inequality for some 7 E (a, c). To 
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obtain the lower (upper) bound for r(t), set K = 1 and apply Theorem (2.6.) 
of [6]. 
COROLLARY. If the minimal eigenvalue of (4) with cy = a satisjies 
&,(a, /?) > 1 for all fl > 01, g(a) = a and g’(t) 3 0, then y(t) is a strictly 
increasing function on (a, Co). 
COROLLARY. Under the hypotheses of Theorem 1, if (3) has an unbounded 
solution then every nontrivial solution of (l)-(2) is unbounded. 
In the following theorem we impose a restriction on the initial function 
+(t) so that y[g(t)] < y(t) for any continuous retardation g(t). 
THEOREM 2. Suppose that $(t) < 0, (3a) is d&conjugate on [a, co) and 
y”(a+) > 0. Further suppose that in some interva2 (a, 6) there is a point t* E (a, b) 
such that p(t*) > 0, g(t*) < t and if g(t*) < a, $[g(t*)] < 0. Then every 
nontrivial solution of (l)-(2) is strictly monotonic on [a, XI) and bounded below 
by the solution of (4) which satisfies w’(a+) = y’(a+). 
The proof of this theorem is virtually the same as the proof of Theorem I. 
The following corollary resembles a result of Nehari [5, Theorem 11. 
COROLLARY. If p(t) is positive, d(t) is negative and the minimal ei’envalue 
of (3) with 01 = a satisjies A,,(cY, /I) > 1 for all ,!? > iy, then every solution of 
(l)-(2) with y’(a+) > 0 is nonoscillatory in (a, CD). 
Proof. By Nehari’s result, (4a) is nonoscillatory in (a, co). In fact, every 
solution of (4) is of constant sign. The result of this corollary now follows 
from Theorem 2. 
In the previous theorems and corollaries we have investigated conditions 
for which disconjugacy of the unretarded Eq. (4a) implies nonoscillation 
of the retarded Eq. (1). The converse is generally false. Waltman [3] provides 
an example which shows that a retarded equation may have a solution with 
no zeros in (a, co), albeit, the corresponding unretarded equation is oscillatory. 
In the next section necessary conditions for the existence of a nonoscillatory 
solution of (1) are determined. 
NECESSARY CONDITIONS FOR EXISTENCE OF A NONOSCILLATORY SOLUTION 
Conditions on g(t) are imposed to obtain a lower bound on &,(a, /I), the 
minimal eigenvalue of (3), whenever (l)-(2) has a nonoscillatory solution. 
This bound is then used to obtain necessary conditions for the existence 
of a nonoscillatory solution. 
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Hereafter it is assumed that g’(t) > 0 and g(t) ---f cc as t ---f a. 
THEOREM 3. Let y(t) be a nonoscillatory solution of (l)-(2) and let 
p z lim inf g’( t) > 0. 
t+co 
For any number E such that p > E > 0 andfor suficiently large a(~), the minimal 
eigenvalue of (3) satisJes A, > p - E for all /3 > 01. 
Proof. If y[g(t)] has no zeros in (to , CO) and y[g(t,,)] > 0, then y(t) is 
nondecreasing and y’(t) is nonincreasing in (t, , 00). Choose 01 so large that 
for all t > 01, g’(t) > p - E and g(cz) > t, . Let u(t) be the solution of (3) 
corresponding to the minimal eigenvalue A&oL, /3). Following Nehari [4, 
p. 4291 we have 
I ’ h - (P - 41~0) WA&)1 dt LI 
= s ’ {(P - E) r”(t) u(t) - u”(t) yk(t)lI dt 
= .k, Yk(41 + (P - E) Y”(B) u(B) 
+ 1” u’(t) {y’[&)l d(t) - r’(t) (P - 6)) dt > 0. 
a 
THEOREM 4. Let h(t) E C’(t,, , 03) be a positive nonincreasing function and 
let g’(t) > h(t). Whenever (l)-(2) h as a nonoscillatory solution, the minimal 
esgenvalue of (4) satisfies &,(a., /3) > h(B) for su~ciently large 01. 
This theorem is proved by showing in the notation of Theorem 3 that 
I ’ Lb - WI At) 4t)yMt)l dt > 0. m 
The procedure parallels the proof of Theorem 3 and is not presented here. 
By continuing to follow the techniques which Nehari used to generalize 
the results of Hille [7], further theorems on the nonoscillation of equations 
with retarded argument can be obtained. For example, let w(t) be a differen- 
tiable function in (a, 00) such that (t - a)-’ w(t)2 + 0 as t -+ a+. Nehari [4, 
p. 4311 demonstrates that 
X f?p(t) w(t)* dt < so w’(t)2 dt. 
OL a (6) 
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Using the unboundedness of g(t), Bradley [l] demonstrates that the exist- 
ence of a nonoscillatory solution of (l)-(2) implies that s” p(s) ds < CO. With 
this result we can use Nehari’s techniques to obtain 
THEOREM 5. If (l)-(2) has a nonoscillatory solution and 
1~ = lim inf g’(t) > 0 
ast+cotkmforany7jE[O,l) 
I 
co 
lim inf tl-” q(s) ds < 
1 
t-co t 4(1 - 77)P * 
Modifying an example of Bellman [8, p. 1211 we consider the Euler equa- 
tion 
y”(t) + (4t2)y(tlk) = 0, (8) 
where 
c = 4P(l - y) y; O<y<l; k 3 1. 
A nonoscillatory solution of (8) is y(t) = tv. The inequality (7) for this 
example is 
k”(1 - y) y < k/4. 
The author has not determined whether (7) is strong for k > 1. The un- 
retarded equation corresponding to (8) is oscillatory if c > 1. 
Nehari’s techniques can, with care, also be used when g’(t) is not bounded 
away from zero. From (6) and Theorem 4, 
h(p) (t - a)1-e j-” (s - cx)“p(s) ds + k(p) (t - CY)~-s 1’: (s - a)“p(s) ds 
OL 
which corresponds to Nehari’s Eq. (7). For example, when 6’ = 2, 
I@) (t - ci)l--n J; (s - c$p(s) ds < (2 - ~)~/4(1 - 7). 
(9) 
(10) 
These conditions may be used to obtain nonoscillation criteria for more 
specific classes of equations. As an application of (10) consider the equation 
r”(t) + (W) YW) = a (11) 
where c, Y, r, y > 0; 1 > Y and 1 > y. 
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THEOREM 6. A necessary condition for the existence of a nonoscillatory 
solution of (11) is 
v>:y+ 1. (14 
Proof. Since (10) holds for any t E (a, /3) and arbitrary /I > 01, select /I 
so that /l/n > LX for any given n > 1. Then set t = /3/n. Because the existence 
of a nonoscillatory solution is assumed, sy p(s) ds < CO [l]. Taking the limit 
supremum of (lo), 
(13) 
If h(t) = g’(t) and 7 < y, 
1 1 
liy+;up /3+-v [p - - 
n2 - v n1 - 
< (2 - d2 b - rl - 1) 
rl 1 (1 -d(v) 
for each fixed n. Hence v > y + 1. 
When y = 1, as illustrated by the previous example, condition (13) is 
strong in the sense that an equation with v = y + 1 = 2 may have a non- 
oscillatory solution. If y < 1, the author has been unable to produce an 
example of an equation with y + 1 = v which has a nonoscillatory solution. 
The following example demonstrates that such an equation exists for any 
v > y + 1. For arbitrarily small E > 0, the equation 
r”(t) + & 1 - [ 
~ 
1:y 1 ~-(l+Y+E)y(p)= () 
has a solution 
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